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THE PURE DERIVED CATEGORY OF QUASI-COHERENT
SHEAVES
ESMAEIL HOSSEINI
Abstract. Let X be a quasi-compact and quasi-separated (not necessarily semi-
separated) scheme. The category QcoX of all quasi-coherent sheaves of OX -modules
has several different pure derived categories. Recently, categorical pure derived cate-
gories ofX have been studied in more details. In this work, we focus on the geometrical
purity and find a replacement for the geometrical pure derived category of X.
1. Introduction
Assume that C is an abelian category. The derived category of C was invented by
Grothendieck and his student Verdier to simplify the theory of derived functors on C
([Ver96]). It was obtained from the category of complexes in C by formally inverting
all quasi-isomorphisms. This shows that the definition of derived category is closely
related to the concept of localization of triangulated categories, i.e. it is defined as
the localization of the homotopy category of C with respect to the class of all quasi-
isomorphisms. But, this method is not applicable for non-abelian categories. In fact, if
E is an exact category (not necessarily abelian), the unbounded derived category D(E)
of E can not be defined in the same way. In 1990, Neeman showed that D(E) can be
determined by the quotient of the homtopy category of E modulo its thick (or e´paisse)
subcategory consisting of all exact complexes ([Ne90]). This approach is independent of
the choice of exact structure and is suitable for a category with various exact structures.
Especially, it is suitable for the category QcoX of all quasi-coherent sheaves over a given
scheme X. In non-affine case, the category QcoX admits three different exact structures.
One of them is defined by the abelian exact sequences and the others are defined by
pure exact sequences (see Example 2.1).
Assume that X is a quasi-compact and quasi-separated scheme. By [TT90], QcoX
is a locally finitely presented Grothendieck category and so, it is a natural framework
to define the categorical pure exact sequences (see [Cr94]). Recall that, a short exact
sequence L of quasi-coherent OX-modules is called categorical pure if for any finitely pre-
sented quasi-coherent OX -module G, HomOX (G,L) is exact. The pure derived category
with respect to this exact structure, denoted by Dcpur(X), is defined by [Ne90]. In affine
case, when R is a ring, the pure derived category of R was first introduced in [CH02]
by formally inverting pure homological isomorphisms. In non-affine case, Dcpur(X) is
studied in more details by several authors (see [Kr12], [St14], [Gi15], [ZH16]). Another
pure exact structure on QcoX is defined by tensor pure exact sequences. Recall that,
a short exact sequence L of quasi-coherent OX -modules is called tensor pure if for any
quasi-coherent OX -module G, G⊗OX L is exact. The pure derived category with respect
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to this exact structure is defined by [Ne90] and denoted by Dpur(X). This category
was first appeared in [EGO16]. These pure derived categories encouraged us to ask the
following question.
Question: When Dpur(X) and Dcpur(X) are coincide?
This is our motivation on the present work. To find an answer to this question, we
should compare the pure exact structures on QcoX. In Example 2.1, if X is a projective
space over a commutative noetherian ring R, we find a finitely presented quasi-coherent
OX-module which is not tensor pure projective. Consequently, the tensor pure exact
structure does not coincide with the categorical pure exact structure and so,
Dpur(X) and Dcpur(X) are different. This encouraged us to concentrate our study on
tensor pure derived categories. In Section 2, we prove that any pure acyclic complex
of pure injective OX -modules is contractible. In Section 3, we prove that the homotopy
category of all pure injective quasi-coherent OX -modules and Dpur(X) are equivalent.
Before starting, let us fix some notations and definitions. In this paper, X is a
quasi-compact and quasi-separated scheme, OX -modules are quasi-coherent sheaves of
OX-modules and QcoX is the category of all OX -modules.
1.1. Exact categories. Let E be an additive category. A sequence X
f
// Y
g
// Z in
E is said to be a conflation if f is the kernel of g and g is the cokernel of f . A map such
as f is called an inflation and g is called a deflation. Let E be a class of conflations in
E. The pair (E, E) is an exact category if the following axioms hold.
(i) E is closed under isomorphisms.
(ii) E contains all split exact sequences.
(iii) Deflations (resp. Inflations) are closed under composition.
(iv) All pullbacks (resp. pushouts) of deflations (resp. inflations) exist.
(v) Deflations (resp. Inflations) are stable under pullbacks (resp. pushouts).
For more details, see [Ke90, Appendix A] or [St13, Section 3].
An exact category E is called efficient if
(i) Every section in E has a cokernel or, equivalently, every retraction in E has a
kernel ([Bu10, Lemma 7.1]).
(ii) Arbitrary transfinite compositions of inflations exist and are themselves infla-
tions.
(iii) Every object of E is small relative to the class of all inflations.
(iv) E admits a generator.
1.2. Orthogonality in exact categories. Let E be an exact category and X,Y ∈
E. The set of all equivalence classes of conflations Y → P → X in E is denoted by
Ext1E(X,Y). A class Y is said to be the right orthogonal of a class X if
Y = X⊥ := {B ∈ E | Ext1E(X,B) = 0, for all X ∈ X}.
The left orthogonal is defined dually. A pair (X,Y) of classes in E is called a complete
cotorsion theory if
(i) X⊥ = Y and ⊥Y = X.
(ii) Any object in E has a special Y-preenvelope and a special X-precover.
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Recall that, an object E ∈ E has a special X-precover (resp. special Y-preenvelope)
if there exists a conflation Y′ → X′ → E (resp. E → Y′ → X′), where X′ ∈ X and
Y′ ∈ Y. Also, (X,Y) is cogenerated by a set, if there is a set T ⊆ X such that T ⊥ = X⊥.
Setup: Throughout this paper, all pure exact sequences are tensor pure, all
pure injective (resp. pure projective, flat) objects are tensor pure injective (resp.
pure projective, flat) and all equivalences between triangulated categories are triangle
equivalences.
2. Pure acyclic complexes of OX-modules
Recall that, X is called quasi-separated if the intersection of any two quasi-compact
open subsets is quasi-compact. Let U = {Ui = Spec(Ri)}
n
i=0 be a quasi-separating
open cover of X. First, we compare the categorical and the geometrical notions of
purity in QcoX. Note that, any of these notions induces a class of pure injectives
(resp. pure projectives). Categorical pure injectives are discussed in [Her03] and pure
injective objects are discussed in [EEO16]. In [EEO16, Theorem 4.10], the author proved
that QcoX has enough pure injective objects. But, the pure projective objects have a
different fate. By [TT90], there is a set S of finitely presented objects in QcoX such that
any OX -module G is a direct limit of elements in S. Then, there exists a categorical
pure exact sequence 0 // K // ⊕F∈SF // G // 0 where ⊕F∈SF is a categorical
pure projective OX-module. Therefore, QcoX has enough categorical pure projective
objects. But, in general case, we don’t know whether QcoX has enough pure projective
objects? However, whether this is the case or not, we give some examples of non-pure
projective OX -modules. These examples show that the pure exact structures on QcoX
are different.
Example 2.1. Assume that X = ProjR[x0, x1, ..., xn] is the projective n-space over a
noetherian commutative ring R. The structure sheaf OX is not pure projective. If it
is pure projective then any short exact sequence ending in OX splits (OX is flat and
so any short exact sequences ending in OX is pure). It follows that OX is projective
and so by [Har97, Proposition III. 6.3], ExtiOX (OX ,G)
∼= Hi(X,G) = 0 for any OX
module G and any i > 0. But, this is a contradiction with [Har97, Theorem III. 3.7] and
[Har97, Theorem III. 5.1]. Consequently, OX is a non-pure projective finitely presented
OX-module.
Example 2.2. Vector bundles over X are not pure projective. Since any pure projective
flat OX -module is projective. We known that projective objects are rare in QcoX
([Har97, Ex. III. 6.2]) and any vector bundle is flat OX -module.
Let E be the class of all pure exact sequences in QcoX. This class induces an exact
structure on the category C(X) of all complexes (complexes are write cohomologically)
in QcoX as follows. A sequence
0 // T
f
// F
g
// G // 0
of complexes of OX-modules is called a conflation in C(X) if it is degree-wise pure exact,
i.e. for any n ∈ Z,
0 // Tn
fn
// Fn
gn
// Gn // 0 ∈ E .
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This exact structure on C(X) is called pure exact structure. In the present work, we
select this exact structure and prove that any pure acyclic complex of pure injectives is
contractible. Recall that a complexX ofOX -modules is called acyclic if all cohomological
groups are trivial and it is called pure acyclic if for any OX -module G, X⊗OXG is acyclic.
In [St14], the author proved the following result.
Proposition 2.3. Any categorically pure acyclic complex of R-modules is the direct
limit of contractible complexes.
Proof. See [St14, Lemma 4.14] or [Em16, Proposition 2.2]. 
It can not be the case in general that every tensor pure acyclic complex is the direct
limit of contractible complexes. The reason is that a direct limit of contractible com-
plexes is always categorically pure acyclic, and there are in general fewer categorically
pure acyclic complexes than tensor pure ones. But, we try to prove that any pure acyclic
complex of pure injective OX-modules is contractible.
Lemma 2.4. Any direct limit of pure exact sequences is pure.
Proof. Let {Li, fij}i,j∈J be a direct system of pure exact sequences of OX -modules. The
isomorphism (lim
−→
j∈J
Lj)⊗OX G
∼= lim
−→
j∈J
(Lj ⊗OX G) implies the purity of lim
−→
j∈J
Lj. 
Lemma 2.5. Let U be an affine open subset of X and f : U −→ X be the inclusion.
Then f∗ : QcoU −→ QcoX preserves pure exact sequences.
Proof. Let L be a pure exact sequence of OU -modules. By Proposition 2.3, L = lim
−→
j∈J
Lj
where for any j, Lj is split exact. We know that f∗ preserves direct limits ([TT90, pp.
410, Lemma B.6]), i.e., we have the following isomorphism
f∗(L) = f∗(lim
−→
j∈J
Lj) = lim
−→
j∈J
(f∗(Lj)) (2.1)
where f∗(Lj) splits for each j. Then, by Lemma 2.4, f∗(L) is pure. 
Suppose that F is an OX-module. The p-th Cˇech OX-module of F with respect to the
cover U of X is defined by Cp(U,F) = ⊕i0<...<ipf∗(F|Ui0,...,ip ) over sequences i0 < ... < ip
of length p (0 ≤ p ≤ n) whenever Ui0,...,ip = Ui0 ∩ ... ∩ Uip and f : Ui0,...,ip −→ X is the
inclusion.
Lemma 2.6. Let F be a pure acyclic complex of OX -modules. Then, for any 0 ≤ p ≤ n,
Cp(U,F) is a direct limit of contractible complexes.
Proof. Without loss of generality, we prove the assertion for p = 1. Since U0 and U1
are affine open subset of X then, F(U0) is a pure acyclic complex of R0-modules and
F(U1) is a pure acyclic complex of R1-modules. By Proposition 2.3, they are direct
limits of contractible complexes. So, F|U0 = F˜(U0) and F|U1 = F˜(U1) are direct limits
of contractible complexes. Therefore, F|U0∩U1 = (F|U0)|U1 = (F|U1)|U0 are direct limits
of contractible complexes (U0∩U1 is not necessarily affine). By [TT90, pp. 410, Lemma
B.6], f∗ preserves direct limits. It follows that f∗F|U0 , f∗F|U0 and f∗F|U0∩U1 are direct
limit of contractible complexes. By a similar argument used for the case p = 1, we
deduce that for any 0 ≤ p ≤ n, F|Ui0 , F|Ui1 , ..., F|Uip , ..., F|Ui0,...,ip are direct limits of
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contractible complexes (Ui0,...,ip is not necessarily affine). So, by [TT90, pp. 410, Lemma
B.6], f∗F|Ui0 , ..., f∗F|Uin , ..., f∗F|Ui0,...,in are direct limits of contractible complexes. This
implies that C0(U,F), ..., Cn(U,F) are direct limits of contractible complexes. 
Remark 2.7. It is necessary to emphasis that, the direct image functor f∗ is not exact
in general case. But in some situations it preserves pure exact sequences (Lemma 2.5).
In the proof of Lemma 2.6 we don’t need the exactness of f∗. Actually, [TT90, pp. 410,
Lemma B.6] is the only property of f∗ that we need in the proof of Lemma 2.6.
Let Cpac(X) be the class of all pure acyclic complexes of OX -modules. A complex C
of OX -modules is called dg-pure injective if it belongs to Cpac(X)
⊥.
Remark 2.8. By using [EEO16, Theorem 4.10] and a similar argument used in [EG98,
Proposition 3.4]), one can deduce that a complex G = (Gi, δi) of OX -modules is dg-pure
injective if and only if
(i) For any i ∈ Z, Gi is a pure injective OX -module.
(ii) For any pure acyclic complex X, Hom•OX (X,G) is an acyclic complex.
Recall that, for each pair X,Y ∈ C(X), the complex Hom•OX (X,Y) is given by
(Hom•OX (X,Y)
n =
∏
i∈Z
HomOX (X
i,Yi+n), δn)
where
δn((f i)i∈Z) = δ
i+n
Y
f i − (−1)nf i+1(δiX).
Assume thatC(dg-PinjX) ⊆ C(PinjX) be the class of all dg-pure injective complexes.
Then the following result holds in the exact category C(X).
Proposition 2.9. The pair (Cpac(X),C(dg-PinjX)) is a complete cotorsion theory.
Proof. [EGO16, Corollary 3.10.] 
Proposition 2.9 helps us to show that any pure acyclic complex of pure injective
OX-modules is contractible. As a consequence, we can prove that any complex of pure
injective OX -modules is dg-pure injective.
Lemma 2.10. Let X ∈ Cpac(X) and G ∈ Cpac(X)
⊥
. Then, for any i > 0,
Exti
C(X)(X,G) = 0.
Proof. By Proposition 2.9, we can repeat the argument used in the proof of [HS13,
Lemma 3.7]. 
Theorem 2.11. Let C be a complex of pure injective OX -modules and X be a direct
limit of contractible complexes. Then Hom•OX (X,C) is an acyclic complex.
Proof. Let X = lim
−→
j∈J
Xj with Xj being contractible complex for each j ∈ J . Then, we
have the following degree-wise categorical pure exact sequence
0 // K //
⊕
i∈I Xi
// X // 0 .
Since C is a complex of pure injectives then we have the following exact sequences of
complexes
0 // Hom•OX (X,C)
// Hom•OX (
⊕
i∈I Xi,C)
// Hom•OX (K,C)
// 0 .
THE PURE DERIVED CATEGORY OF QUASI-COHERENT SHEAVES 6
But, Hom•OX (
⊕
i∈I Xi,C)
∼=
∏
i∈I Hom
•
OX
(Xi,C) is the product of acyclic com-
plexes of abelian groups and so, it is acyclic. By a similar method used in [St14,
Proposition 5.3], we can find a continuous chain (Kj)j∈J of contractible subcomplexes
of K such that K =
⋃
j∈J Kj and for any j, Ext
1
C(X)(Kj ,C) = 0. Then, by [ET01,
Lemma 1] (the proof holds in the exact category C(X)), Ext1
C(X)(K,C) = 0. There-
fore, Hom•OX (K,C) is an acyclic complex. This shows that Hom
•
OX
(X,C) is also
acyclic. So, by Remark 2.8, F ∈ ⊥C. 
Theorem 2.12. Let C be a complex of pure injective OX -modules. Then Cpac(X) ⊆
⊥C.
Proof. Let F = (F i, ∂i
F
) be a pure acyclic complex of OX -modules and
0 // F // C0(U,F) // C1(U,F) // · · · // Cn−1(U,F) // Cn(U,F) // 0 (2.2)
be its Cˇech resolution. By the proof of [Har97, Lemma III. 4.2], we deduce that for any
i ∈ Z, the complex
0 // F i // C0(U,F i) // C1(U,F i) // · · · // Cn−1(U,F i) // Cn(U,F i) // 0 (2.3)
is pure acyclic. This implies that (2.2) is a degree-wise pure acyclic complex of com-
plexes. Moreover, by Lemma 2.6, for any 0 ≤ p ≤ n, Cp(U,F) is a direct limit of con-
tractible complexes and hence by Lemma 2.11, Hom•OX (C
p(U,F),C) is an acyclic com-
plex. We can break (2.2) to the following degree-wise pure exact sequences (0 ≤ p ≤ n),
0 // Kp−1 // Cp(U,F) // Pp // 0.
By Lemma 2.11, Hom•OX (C
p(U,F),C), Hom•OX (P
p,C) are acyclic complexes. There-
fore, for any p ≥ 1,Hom•OX (K
p−1,C) is an acyclic complex. Especially,Hom•OX (K
0,C) =
Hom•OX (F,C) is acyclic. Therefore, by Remark 2.8, F ∈
⊥C. 
Corollary 2.13. Any pure acyclic complex of pure injective OX -modules is contractible.
Corollary 2.14. Any complex of pure injective OX -modules is dg-pure injective.
3. The pure derived category of OX-modules
Let T be a triangulated category. A triangulated subcategory S of T is called thick
if it is closed under direct summands. Assume that S is a thick subcategory of T . The
right orthogonal of S in T is defined by
S⊥ = {X ∈ T | HomT (S,X) = 0, for all S ∈ S}.
By [Ne01, Theorem 9.1.13], the inclusion S −→ T has a right adjoint if and only if for
any object T in T , there is a distinguished triangle
S // T // S′ // ΣS
in T where S ∈ S and S′ ∈ S⊥. This triangle is unique up to isomorphism and the right
adjoint of S −→ T maps T to S. This situation implies an equivalence S⊥ −→ T /S of
triangulated categories. Let K(X) be the homotopy category of QcoX, Kpac(X) be its
thick subcategory consisting of pure acyclic complexes and K(PinjX) be the essential
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image of the homotopy category of pure injective OX-modules in K(X) (K(PinjX) is
closed under isomorphism). The following Theorem, is the main result of this paper.
Theorem 3.1. K(PinjX) =Kpac(X)
⊥.
Proof. Assume that C is an object of K(PinjX). Then, by Corollary 2.14 it is a dg-pure
injective complex and so by Remark 2.8, C ∈ Kpac(X)
⊥. Conversely, letX ∈ Kpac(X)
⊥.
By Proposition 2.9, there is a degree-wise pure exact sequence 0 // X
f
// I // P // 0
of complexes, where P ∈ Cpac(X) and I ∈ Cpac(X)
⊥ ⊆ C(PinjX). Hence, we obtain a
triangle
X // I // P0 // ΣX (3.1)
where P0 = Cone(f) ∈ Kpac(X) and I ∈ K(PinjX). By applying the cohomological
HomK(X)(-,X) the proof completes. 
Corollary 3.2. There is an equivalence K(PinjX) −→ Dpur(X).
Proof. By the proof of Theorem 3.1, we have a distinguished triangle
X // I // P0 // ΣX (3.2)
where P0 ∈ Kpac(X) and I ∈ Kpac(X)
⊥ ⊆ K(PinjX). Therefore, Kpac(X) −→ K(X)
admits a right adjoint and hence, we have an equivalence K(PinjX) = Kpac(X)
⊥ −→
Dpur(X) of triangulated categories. 
Recently, the existence of adjoint pairs of functors between homotopy categories have
been interested (see, [Ne14], [Kr12], [St14] [Kr15], [Gi15]). The following result is in this
direction.
Corollary 3.3. The inclusion K(PinjX) −→ K(X) admits a left adjoint.
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